Introduction
Polar nanoregions play a central role in models of relaxor ferroelectrics characterized by chemical disorder on the microscopic scale supporting ultra-high parameters in technological applications. Experiments have long suggested that typical macroscopic characteristics distinguishing the relaxor ferroelectrics include anomalies in the optic index of refraction [1] , the frequency dependence of the peak dielectric constant, and no evidence of macroscopic spontaneous polarization at zero-field cooling, as systematized in [2, 3] .
Microscopic mechanisms leading to an appearance of these anomalies in relaxor ferroelectrics differ considerably from the phonon picture of conventional, translationally invariant ferroelectrics (with spontaneous and switchable polarization as the defining property) and are interpreted as interplay between the local polarization in polar nanoregions and compositionally induced random electric fields. Direct observation of polar nanoregions in PMN [4] reveals both local atomic displacements and medium-range (∼ 5 − 50 Å) ordering with the volume fraction increasing with decreasing temperature and reaching the three-dimensional percolation threshold below T ∼ 200 K, where the polar nanoregions start to overlap and freeze into the polar glass state. A great body of approaches attempted within the framework of spin-glass theory [5] , random field theory [6] , spherical random-bonds/random-fields (SRBRF) model [7] , its dynamical version [8] , the nanodomain theory of ferroelectric glasses [9] , and the model of interacting short-range polar clusters formed by off-center ions [10] contributes greatly to understanding the nature of polar nano-regions supported by chemical and polar disorder.
Spin-glass theory [5] is derived under the presumption of off-center ions and associated randomly oriented dipoles, as well as compositionally induced, random fields as the key entities. At low temperatures local polar regions occur, presumably supported by dipole-dipole interaction, and the system is in a polar-glass state. At finite temperatures the relative number of dipoles whose energy exceeds B T rapidly decreases and the polar-glass state disintegrates. This scenario is a departure point for more advanced approaches reproducing the features of relaxor ferroelectrics.
Random field theory [6] is based on the Hamiltonian for a lattice of unit cells by imposing the intercell potential and interaction parameter, both presumed as random. Considering the local potential as a constraint and the kinetic energy as absorbed into the thermal bath yields the extended Ising (Pots) model in an external field. However, to reproduce the dielectric response [7] , a rich scale of compositionally induced defect centers and local fields are implemented as adjustable parameters, violating the self-consistence of this approach.
Generalization of the random field theory [7] is attained within the framework of the spherical random-bonds/random-fields (SRBRF) model with chemically ordered regions (chemical clusters) and polar clusters (formally defined as three component vectors), consisting of a number of pseudo-cubic unit cells as the key entities [8] . Interaction between chemical clusters is presumed as infinitely ranged and randomly frustrated according to the Gaussian statistics. Dynamic version of the SRBRF model [8] is implemented by Langevin equations, with relaxation time for the reorientation of polar clusters as an adjustable parameter (by the Vogel-Fulcher relationship). The macroscopic regions (polar clusters) are formally characterized by the same microscopic equation of motion, but a different relaxation time. Output of the SRBRF model is a dynamic response on an oscillating electric field, restricted for uniaxial or isotropic problems. A realistic relaxation time distribution, which would be appropriate at all temperatures, was not resolved.
Numerical evidences of a state when the nanoscale ferroelectric order exists in the absence of macroscopic order are found within the framework of the nanodomain theory of ferroelectric glasses [9] , witch-dipole impurities, statistically averaged dipole moments, intra-and inter-domain interactions, and the statistics of random fields as the adjustable entities.
The contemporary approach to the polarization dynamics and the formation of polar nanoregions is derived in [10] within a model of interacting, short-range polar clusters formed by off-center ions. The polarization dynamics is controlled (i) by the distribution of cluster reorientation frequencies and (ii) by distribution of local fields as adjustable parameters. As distinct from [6] , the approach of [10] is self-consistent and starts with a Hamiltonian accounting for (i) the energy of orientation of randomly distributed off-center ions; (ii) the quenched random field, originated by compositional fluctuations; and (iii) the applied electric field. With appropriate adjustable parameters, this self-consistent, random-field theory joins microscopic and mesoscopic-level phenomena in disordered systems.
However, the empirical character of early parameterized approaches holds no promise for providing chemically-specific information and understanding about the structural and electronic properties of the ferroelectric relaxors.
Reliable atomistic simulations of structural phase transitions in ferroelectrics began with a first-principles, effective Hamiltonian model for conventional perovskite-type ferroelectrics, structured by spatially invariant elementary cells [11, 12] . However, the physics of chemically disordered and/or low-dimensional structures, comprising uncompensated built-in charges is a subject of long-standing interest.
On fundamental grounds the problem is to determine the possible existence, or the eventual absence, of spontaneous polarization, using first-principles techniques with minimum practical approximations, addressed to the property of interest.
In order to have relaxor properties, the crucial condition is that the chemical microstructure should contain ions violating the charge balance of the host ABO 3 primitive unit cells with random electric fields so preventing ferroelectric ordering in favor of the ferroelectric relaxor state.
Pioneering atomistic simulations based on extensions of the effective Hamiltonian [11] include complex oxides modeled in virtual crystal approximation [13] and the connection of the nanodomains with the microscopic structure of the elementary lattice advanced for PSN and PMN in [2] .
The relevant effective Hamiltonian is derived from [12] , substituting extra terms addressed to local fields sup-
insights from a supercell approach ported by the chemical disorder on B-sites and/or a contribution from any other charged or polar defects.
Molecular dynamics [2] reveal chemical short-range ordering with uniform characteristic length between freezing and Burns temperatures, supporting the view that polar nanoregions are essentially the same as chemically ordered regions. As to the whole system in grain-scale, it may be considered as consisting of nanoscale regions of enhanced polarization and enhanced polar fluctuations in a less polarized and less susceptible host lattice.
The important stage in joint microscopic and mesoscopic level phenomena in disordered systems is mimicking free-standing, zero-dimensional, ferroelectric nano-particles (nanodots) in vacuum, with their internal structure modified by electric charges and an inhomogeneous strain on the surface [14] .
One of the most notable results here is that isolated nanodots of ferroelectrics can have a vortex structure for their dipoles that prefer to rotate from elementary cell to cell, pointing along one of the eight pseudo-cubic [±1 ± 1 ± 1] directions. Such a vortex does not create any polarization but rather generates a macroscopic toroidal moment. Zero-dimensional ferroelectric nano-particles embedded into a matrix resemble the A(B B )O 3 cubic dot embedded in a AB O 3 host lattice. They reveal the existence of different ferroelectric, para-electric, toroidal, and mixed phases, with ferroelectric strengths as adjustable parameters [15] . Consequences for ferroelectric relaxors depend on advances in substituting the macroscopic boundary conditions by a solution of the Poisson's problem for all electrostatic interactions in the system as a whole [14, 15] .
A particular topic to be determined and understood concerns the A(B B )O 3 system with two levels of disorder. At the level of elementary lattice the system is chemically disordered, due the difference of ionic charges in B positions. This disorder is presumably violated in chemically ordered polar supercells, yet condensed randomly without a common causal influence. The corresponding grain-scale model, as a limiting case of [2] , is applied to presumably ferroelectric supercells in a para-electric host lattice.
In this paper we report construction of a grain-scale model based on previously reported ab initio calculations [16] The model assumes that there exists a simulation area, comprising energetically equivalent polar supercells (presumably being the same as in the 15-ion periodic arrangement [16] ). Supercells, distinguished by one of eight local polarization vectors supporting zero total polarization, are embedded in a disordered host lattice with no ferroelectric activity. The balance between charges and fields in the simulation area is determined by dipole-dipole interaction between supercells. The initial conditions for polarization meet requirements for zero total polarization over the simulation area and are maintained at high temperature, at which the dipole-dipole interaction turns to zero. Temperature behavior of local polarization vectors is given by the statistics in the canonical ensemble, determining the local polarization of individual supercells. We give details of this chemically ordered supercell picture in terms of a coarse-grained Hamiltonian and mean field statistics simulations, revealing a change of the supercell anisotropy during cooling as the main result of this study. The paper is organized as follows. Section 2 describes the coarse-grained Hamiltonian as derived from the polarization of structurally stable states [16] , phenomenologically augmented for a simulation area of 8 × 8 × 8 15-ion supercells. In Section 3, illustrative examples of the temperature change of the supercell anisotropy during cooling and during field cooling is given. The paper closes with a summary (Section 4) and an outlook on future lines of research.
Coarse-grained Hamiltonians: definitions and approximations
Bare and total coarse-grained Hamiltonians are distinguished for the system of supercells embedded in the host lattice. The bare Hamiltonian is derived from the results of ionic relaxation of 15-ion chemically ordered supercells [16] . Polarization of the local, structurally stable supercell is presumably the same as found in a periodic system [16] . (in Cartesian coordinate frame). All these parameters came from [16] . The Hamiltonian for a bare -th supercell is given by a low-order Tailor expansion of potential energy U(P P P ) in linear, harmonic and anharmonic
with expansion coefficients
The terms linear in polarization are reproduced by the condition 0 < + + 1, which yields 001 = P U (0 0 1)
The harmonic terms are reproduced by the condition 1 < + + 2 and preserve exclusively the even degrees at polarization 
Equations (1)- (5) constitute the Hamiltonian of a bare supercell as a sum of linear, harmonic, and anharmonic terms
Here 
With these denominations the Hamiltonian Eq. (6) reads as follows
with linear, λ, harmonic, α, anharmonic, β, and external field, L, terms. The coefficients α β λ in Eq. (7) are found from the minimum-energy constraint
As a crucial ingredient that makes the model solvable, we exclude the metastability by setting the discriminant of the minimum-energy relation positive as
are Cartesian coordinates and ε is an infinitesimal positive constant). The third constraint is based on the estimates of energy
that (on physical grounds) must be commensurable with thermal energy E = T . At Burns temperature T B ≈ 650 K, the condition E = E B gives a rough estimate for the factor between the energy assigned to a bare supercell and its polarization square as
Finally, the third constraint is determined by the energy of particular components of polarization as
where P α are results from first principles [16] . The system A(B B Considering the supercells as embedded in the disordered host lattice with no ferroelectric activity and distinguished by dielectric permittivity ε ∞ , the dipole-dipole interaction between supercells is given by
Here R R are Cartesian coordinates of selected and interacting supercells, respectively. R = R − R is the Euclidean distance between supercells, and e = R R is the unit vector parallel to the line joining the centers of two supercells [18] . The location of supercells is supposed at sites { } with S spacing equal to the mean value of its presumably random distribution. It must be emphasized that the simulation area is organized by random distribution of a finite number of supercells undergoing dipole-dipole interaction, factorized by the optical dielectric constant of the host lattice, and emerges neither nonzero averaged (spontaneous) polarization nor surface effects. At finite temperatures the dipole-dipole sums over neighboring supercells (indexed by ) are preceded within the mean-field approach by replacing the polarization of -th supercells with the initial (or previous) values of polarization. The dipole-dipole interaction contributes in the Hamiltonian Eq. (7) by a field-like term λ · P , reducing evaluation of the first moment to a threefold numerical integration. In subsequent illustrative examples the estimates of supercell spacing S = 10 . The total (coarse-grained) Hamiltonian for the -th supercell is given by H = H + H .
Statistics of supercells
For the total Hamiltonian H = H + H the multivariate probability density involves statistics in the canonical ensemble [19] ρ P ; P ≡ exp − βH (10) where the inverse temperature is defined as
with the Boltzmann's constant B . The expectation value of polarization [19] reads as E (P ) = P ρ P P P P P (11) and similar relations for E P E (P ). Integration of Eqs. (11) is started at high temperatures and proceeds within the mean field approach. The unknown polarization P is replaced by the corresponding values of the initial conditions or, subsequently, by the values found over the preceding temperature step. Within the framework of this approach the temperature is sequentially decreased, step by step, from Burns temperature (≈ 650 K [1, 20, 21] ), estimated as low enough for chemical ordering and high enough to ignore the dipole-dipole interaction between supercells.
At each temperature step, the polarization obtained from the previous simulation is used as the starting point for the next one, including the impact of the instant dipole-dipole interaction, and so evolving the system down to 10 K.
It must be emphasized that the current supercell approach is a limiting case of [2] . This is reasonable below the temperature at which polar nanoregions emerge in the host lattice distinguished by permittivity, and above the temperature at which pre-transition phenomena appear supported by competing polar and chemical correlations [22] . Temperature development of the system is illustrated in Fig. 1 by P and P plots. supercells. During cooling below ∼ 250 K (in the scale of Fig. 2) , the dipole-dipole interaction comes into play, and each of the lower/upper families of supercells undergoes subsequent splitting. Successive saturation at the end of cooling yields the number of LP with P > 0 prevailing over P < 0, as expected on physical grounds.
Summary
We report the construction of a model of polar nanoregions in the PMN relaxor ferroelectric, inspired by first-principles lattice dynamics for chemically ordered supercells [16, 17] and phenomenologically augmented by coarse-grained Hamiltonian. Approaches in the derivation of the model are summarized as follows:
1. The PMN relaxor ferroelectric is modeled by polar nanoregions embedded in the disordered host lattice with no ferroelectric activity.
2. Polar nanoregions are assigned to previously reported, chemically ordered supercells specified by lattice parameters and residual polarization.
3. The disordered host lattice is specified by dielectric permittivity factorizing the dipole-dipole interaction between supercells.
4. The bare supercell is specified by a coarse-grained Hamiltonian represented by low-order Tailor expansion in linear, harmonic, and anharmonic terms; this is presumably adequate for models with negligible mode-mode interaction in the phonon picture.
5. The simulation area consists of polar supercells supporting zero macroscopic polarization.
6. The temperature dependence is solved within the mean-field approach. This is reasonable below the temperature at which polar nanoregions emerge in the host lattice and above the temperature at which pre-transitional phenomena appear.
These approximations help to explain the role of energetically equivalent structural varieties of the supercells and their invariance under permutations as a source supporting randomly oriented residual polarization, without adjustable parameters like random intracell and intercell interactions and quenched electric fields. Temperature evaluation within the mean-field approximation qualitatively reproduces experimental evidences of local polarization approaching zero at high temperatures and the change of the supercell anisotropy at medium temperatures, with zero total polarization maintained. Nonzero total polarization is reproduced in the course of field cooling.
The emphasis in this model is still very much on the view that polar nanoregions are essentially the same as chemically ordered regions and, as a consequence, the volume fraction of polar nanoregions correlates with the chemical ordering and is invariant with respect to temperature. Reasonable questions not fully understood and answered within the chemically ordered supercell picture include the increase of the volume fraction of polar nanoregions with decreasing temperature and the pre-transitional phenomena (interpreted as percolation threshold [4] or glassy freezing [22] ) evidenced below some critical temperature by the pair distribution function [4] and NMR spectra [22] . Pre-transitional phenomena are definitely incompatible with the supercell picture and raise the problem of more complete first-principles and time-dependent molecular dynamics simulations [23] .
As to the high temperature region, there are experimental evidences [24] revisiting the Burns temperature at about 420 K that activates unresolved problems for the theory of short-range polar correlations beyond the supercell approach. A complementary technique is to look at the nonlinearity of intersite potential as an ingredient of the dynamical interpretation of polar nanoregions. Indeed, the nonlinear intersite potential, if supplemented by linear (dipole-dipole) interaction and momentum terms, results in intrinsic localized excitations within a well developed framework of modulation instability and grand-canonical statistics. Preliminary evaluations [25] reveal a remarkable property -the chemical disorder favors a spontaneous dipole moment and suggests a possible pathway to observation-matching answers to those questions.
